Universal scale factors relating mesonic fields and quark operators by Fariborz, Amir H. et al.
Universal scale factors relating mesonic fields and quark operators
Amir H. Fariborz∗
Department of Mathematics/Physics, SUNY Polytechnic Institute, Utica, NY 13502, U.S.A.
J. Ho† and T.G. Steele‡
Department of Physics and Engineering Physics,
University of Saskatchewan, Saskatoon, SK, S7N 5E2, Canada
Scale factor matrices relating mesonic fields in chiral Lagrangians and quark-level operators of
QCD sum-rules are shown to be constrained by chiral symmetry, resulting in universal scale factors
for each chiral nonet. Built upon this interplay between chiral Lagrangians and QCD sum-rules, the
scale factors relating the a0 isotriplet scalar mesons to their underlying quark composite fields were
recently determined. It is shown that the same technique when applied to K∗0 isodoublet scalars
reproduces the same scale factors, confirming the universality property and further validating this
connection between chiral Lagrangians and QCD sum-rules which can have nontrivial impacts on
our understanding of the low-energy QCD, in general, and the physics of scalar mesons in particular.
I. INTRODUCTION
In the absence of an exact solution to the strong cou-
pling limit of QCD in terms of fundamental quarks, re-
placing the fundamental degrees of freedom with light
hadrons at low-energies has been shown to be a useful
approximation in linear and nonlinear sigma model based
approaches. Such approaches have also been proven to be
very challenging; nevertheless, the great efforts by many
investigators have led to significant progress over the past
several decades and resulted in development of impor-
tant frameworks such as chiral perturbation theory and
various effective models [1, 2]. Such frameworks parallel
important properties of fundamental QCD by respect-
ing several guiding principles such as chiral symmetry
(and its breakdown), U(1)A axial anomaly and various
assumptions about the QCD vacuum.
However, the quest for understanding the strong inter-
action phenomena at low-energies based on fundamental
QCD has never stopped and important attempts have
been made, most important of which is the approach
of the lattice QCD program, which despite all the tech-
nical challenges has made an enormous progress [1, 3–
7]. Still, a framework that can directly connect the
low-energy strong interaction data to the fundamental
quarks and gluons has not yet emerged. Particularly in
the scalar meson sector of low-energy QCD, establishing
such a connection is even less trivial. On the experi-
mental side, some of these states are broad and over-
lap with nearby states, leaving some of their experimen-
tal properties vague. On the theoretical side, explain-
ing their mass spectrum and decay properties requires
a description beyond the conventional quark-antiquark
pattern. For the case of isosinglet scalars, the complexi-
ties are significantly greater because these states have the
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same quantum numbers of the QCD vacuum, which can
develop a vacuum expectation value and spontaneously
break the chiral symmetry. This means that understand-
ing the substructure of isosinglet scalars, which can be
composed of not only various two- and four-quark fields
but also of glue, is naturally nontrivial and perhaps be-
yond the current reach of lattice simulations. For a full
understanding of scalar sector, it is vital to seek a bridge
that can connect the low-energy data all the way to fun-
damental QCD. Such a solid bridge currently does not
exist, and awaits the exact solution to nonperturbative
QCD.
In Refs. [8, 9] we demonstrated how a linkage be-
tween two existing frameworks, QCD sum-rules [10, 11]
(that significantly connect fundamental QCD to hadronic
physics through duality relations) and chiral Lagrangians
(which are appropriately designed in terms of the hadron
fields and can be conveniently used to describe low-
energy data) can provide an approximation of such a
bridge. This linkage occurs through scale-factor matri-
ces relating mesonic fields of chiral Lagrangians to quark-
level composite-operator current structures of QCD sum-
rules. In principle, this connection is quite general and
can be established with any formulation of QCD sum-
rules and any type of chiral Lagrangian, but while the
idea is general, one naturally has to make a choice for
each of these two frameworks based on their effectiveness
in probing a particular channel or process. Since our fo-
cus is on scalar channel we use Gaussian sum-rules, a
sum-rule methodology designed to handle hadronic mix-
ing [12, 13]; for the chiral Lagrangian side, we use the
generalized linear sigma model of [8, 14] which has been
applied to a wide range of low-energy scattering and de-
cay channels in which scalar mesons play a dominant role.
Specifically, the scale factors were first determined for the
isovector scalar sector [8, 9] by connecting the QCD sum-
rules to the chiral Lagrangian described by the general-
ized linear sigma model [14]. However, chiral symmetry
requires that the scale factors must be universal for all
members of the chiral nonets. In the present work (using
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2the same framework of Ref. [8, 9]), we demonstrate that
the same scale factors are remarkably recovered in the
isodoublet scalar sector, providing a crucial test of the
universality property.
Establishing universality of these scale factors is essen-
tial for exploiting the bridge between chiral Lagrangians
and QCD sum-rules to address the long-standing puz-
zles in the isoscalar sector. The exact relationship
between the composite fields of quarks representing a
mesonic state (which requires a mass dimension of three
or higher), and that of a single mesonic field (of mass
dimension one) is not known. We have assumed [8, 9]
that this relationship is of a simple form where the un-
derlying composite fields of quarks inside a scalar meson
are linearly proportional to the meson field. If this as-
sumption is a good approximation to the exact relation-
ship between the meson fields and their underlying quark
fields, then the scale factor adjusting the mass dimen-
sions should reflect certain characteristics of the meson.
Chiral symmetry requires that all members of the same
chiral nonet have the same scale factor [8, 9] (i.e., the
universality condition), which is examined in this work,
in testing the proposed bridge, by independently comput-
ing the scale factors for the K∗0 isodoublet scalar system
and comparing with the previous computation of these
factors for the a0 isovector system of Refs. [8, 9].
At the mesonic level, our framework is the general-
ized linear sigma model of [14] that we use to demon-
strate the bridge between chiral Lagrangians and QCD
sum-rules. This framework is formulated in terms of
a quark-antiquark chiral nonet and a four-quark chiral
nonet, and even though there are no direct connections
to the underlying quark world, the distinction between
two and four-quark nonets is made through the U(1)A
anomaly. It is shown in [14] (and references therein) how
the framework can incorporate various low-energy exper-
imental data to disentangle two- from four-quark compo-
nents of each members of the scalar meson nonet. While
this information is valuable it is not complete. Several
four-quark composite fields, each with the same overall
quantum numbers of a given scalar meson, can be formed
out of different combinations of color and spin (see for ex-
ample [15]), but these combinations cannot be disentan-
gled solely on the basis of chiral symmetry – a limitation
of chiral Lagrangians (such as those of [14]). QCD sum-
rules, on the other hand, have their own limitations —
although they directly utilize the specific quark currents,
but when probing a complicated scalar meson substruc-
ture for which there are numerous possibilities for mix-
ing among two- and four-quark currents, the disentan-
glement of two- from four-quarks is difficult to achieve in
a self contained manner within its framework. Address-
ing these limitations are examples of the mutual benefits
that this bridge provides: The disentanglement of two-
from four-quark currents that can be determined at the
mesonic level can enhance (and simplify) the overall anal-
ysis of QCD sum-rules, and reciprocally, the self consis-
tency checks within the QCD sum-rules can favor one
combination of four-quark currents versus the other and
remedy a gap in the chiral Lagrangian approach which,
due to the lack of direct connection to the underlying
quark fields, is oblivious to various four-quark currents.
Establishing an interplay between chiral Lagrangians and
QCD sum-rules has been the centerpiece of our proposal
in Refs. [8, 9]. This idea is not limited to the scalar
channel and/or a specific type of chiral Lagrangian or a
particular variant of QCD sum-rules.
II. METHODOLOGY: SCALE FACTOR
MATRICES
We begin by defining our notation. At the mesonic
level, we employ the generalized linear sigma model of
[14] which is formulated in terms of two chiral nonets
M and M ′ that respectively represent a quark-antiquark
nonet and a four-quark nonet (a “molecule” type and/or
a diquark-antidiquark type) underlying substructure.
Both chiral nonets transform in the same way under chi-
ral transformation but differently under U(1)A:
M → ULM U†R, M → e2iνM
M ′ → ULM ′ U†R, M ′ → e−4iνM ′ (1)
The axial charge is the main tool for distinguishing these
two nonets. Each of these two chiral nonets can be ex-
pressed in terms of a scalar and pseudoscalar meson nonet
M = S + iφ
M ′ = S′ + iφ′ (2)
where the two scalar meson nonets contain the two- and
four-quark “bare” (unmixed) scalars
S =
S11 a+0 κ+a−0 S22 κ0
κ− κ¯0 S33
 , S′ =
S′11 a′+0 κ′+a′−0 S′22 κ′0
κ′− κ¯′0 S′33
 (3)
and similar matrices for φ and φ′. The framework of
Ref. [14, 15] provides a detailed analysis of the mixing
between these two “bare” nonets and how that results in
a description of mass spectrum, decay widths and scatter-
ing analysis of scalar as well as pseudoscalar mesons be-
low and above 1 GeV. In this picture and of specific inter-
est in this work, the physical isodoublet scalars K∗0 (700)
and K∗0 (1430) become a linear admixture of two- and
four-quark components κ and κ′ respectively. Under-
standing the physical characteristics of K∗0 (700), particu-
larly its substructure, has posed many challenges and has
resulted in numerous investigations [1]. Particularly, the
possibility of a non-quark-antiquark nature of this state
has been extensively studied [14, 16–23].
The transformation properties (1) as well as the de-
compositions (2) are direct consequences of the assumed
underlying quark configurations. The two mesonic-level
chiral nonetsM andM ′ can be mapped to the quark-level
3chiral nonets MQCD and M
′
QCD. For example, Eq. (1)
implies
(MQCD)
b
a ∝ (q¯R)b(qL)a ⇒ (SQCD)ba ∝ qa(x)q¯b(x) , (4)
where a and b are flavor indices and each can take values
of 1 to 3. To make the exact connection to the quark
world we need to make a specific choice for the propor-
tionality factor, and with no loss of generality we choose
(SQCD)
b
a = qa(x)q¯
b(x). The local composite operator
SQCD thus provides a current that is a necessary entity
in QCD sum-rule methodology [10]. Similarly, M ′QCD
can be mapped to quark-level composite field configura-
tions. However, in this case there are several options,
each representing a different angular momentum, spin,
flavor and color configurations for diquark-antidiquark
combination. Here we do not list such quark configura-
tions and the specific form used for our analysis will be
given below.
We assume a simple relationship between the quark-
level nonets MQCD and M
′
QCD and the physical mesonic-
level nonets M and M ′ via a scale-factor matrix that
adjusts the mass dimensions
M = IMMQCD , M
′ = IM ′M ′QCD . (5)
As shown in [8, 9], chiral symmetry imposes the following
constraints on the scale factor matrices
[UR, IM ] = [UL, IM ] = 0 , (6)
[UR, IM ′ ] = [UL, IM ′ ] = 0 , (7)
implying that the scale matrices are multiples of the iden-
tity matrix
IM = −mq
Λ3
× 1 , IM ′ = 1
Λ′5
× 1 , (8)
where the (constant) scale factor quantities Λ and Λ′ have
dimensions of energy that must be determined, and the
quark mass factor mq = (mu + md)/2 has been chosen
to result in renormalization-group invariant currents as
discussed below. This methodology can be generalized
to include additional substructures (e.g., glueball com-
ponents) through an additional scale factor. The scale
factors Λ and Λ′ have been determined in the study of a0
isotriplet states [8, 9] and will be redetermined here for
isodoublet system to demonstrate universality.
We now consider the specific example of the isodou-
blets K∗0 (700) and K
∗
0 (1430), for which the physical
states are related to the QCD operators via
K =
(
K∗0 (700)
K∗0 (1430)
)
= L−1κ
(
S32
(S′)32
)
= L−1κ IκJ
QCD (9)
where L−1κ is the rotation matrix that disentangles two-
from four-quark components of isodoublets, Iκ is formed
out of the scale factors defined for the two chiral nonets
in (8), and JQCD is constructed from two- and four-quark
operators (the specific form will be given below):
L−1κ =
(
cos θκ − sin θκ
sin θκ cos θκ
)
, Iκ =
(−mq
Λ3 0
0 1
Λ′5
)
. (10)
Since (9) relates the physical states to QCD operators, we
define the projected physical currents JP = L−1κ IκJ
QCD
that define a physical correlation function matrix ΠP
constructed from a physically-projected QCD correlation
function matrix ΠQCD
ΠP (Q2) = T˜ κΠQCD(Q2)T κ , T κ = Iκ Lκ (11)
ΠQCDmn (x) = 〈0|T
[
JQCDm (x)J
QCD
n (0)
†] |0〉 (12)
where T˜ κ denotes the transpose of the matrix T κ, and m
and n can each take values of 1 (for quark-antiquark cur-
rent) and 2 (for diquark-antidiquark current) as defined
below.
The projected physical correlator matrix is diagonal,
providing a self-consistency condition between elements
of the QCD correlation function matrix. In our 2× 2 K∗0
isodoublet system we have the following constraint from
the vanishing of off-diagonal elements. We note that a
minor typographical error in Ref. [8] is corrected in (13)
and [9].
ΠQCD12 = −
[
T˜ κ11ΠQCD11 T κ12 + T˜ κ12ΠQCD22 T κ22
T˜ κ11T κ22 + T˜ κ12T κ12
]
. (13)
The relation (13) will be used as input for ΠQCD12 be-
cause the QCD off-diagonal correlator is unknown and
not readily calculable because of its complicated higher-
loop topology.
III. QCD SUM-RULE ANALYSIS OF SCALE
FACTORS
QCD sum-rule methodologies are based on quark-
hadron duality, and apply an integral transform to a dis-
persion relation relating the QCD and hadronic contribu-
tions to the projected physical correlators [10, 11]. The
mixing matrix Lκ must disentangle individual states so
a sum-rule method is needed to check whether a resid-
ual effect of multiple states is occurring because of an
insufficiently accurate mixing matrix. Laplace sum-rules
are not suitable because they suppress heavier states, so
Gaussian sum-rules will be employed because they pro-
vide similar weight to all states [12, 13]. The hadronic
part of the Gaussian sum-rule is given by
GH(sˆ, τ) =
1√
4piτ
∞∫
sth
dt exp
[−(sˆ− t)2
4τ
]
ρH(t) . (14)
The hadronic spectral function ρH in (14) is determined
from the mesonic fields and a QCD continuum above the
4continuum threshold s0:
ρH(t) =
1
pi
ImΠH(t) + θ (t− s0) 1
pi
ImΠQCD(t) (15)
ΠHij
(
q2
)
=
∫
d4x eiq·x〈0|T
[
Ki(x)K
†
j(0)
]
|0〉
= δij
(
1
m2κi − q2 − imκiΓκi
)
. (16)
The last term in (15) represents the QCD continuum con-
tribution inherent in QCD sum-rule methods [10, 11].
The effect of final state interactions in the piK channel is
quite large near the kappa pole. Within the framework
of generalized linear sigma model, these are estimated in
[24].
The hadronic and QCD contributions to the Gaussian
sum-rules are now equated:
GH (sˆ, τ) = T˜ κGQCD (sˆ, τ, s0) T κ (17)
where the QCD continuum has been absorbed from the
hadronic side into the QCD contributions. Methods for
calculating the QCD prediction GQCD from the underly-
ing correlation function are reviewed in [13]. The QCD
side of (17) is diagonalized via the constraint (13) and
the hadronic side of (17) is diagonal because the rotation
matrix disentangles the states
GH =
(
(GH)11 0
0 (GH)22
)
= T˜ κGQCDT κ . (18)
The resulting diagonal elements of (18) are given by
GH11(sˆ, τ) = aAG
QCD
11
(
sˆ, τ, s
(1)
0
)
− bBGQCD22
(
sˆ, τ, s
(1)
0
)
(19)
GH22(sˆ, τ) = −aBGQCD11
(
sˆ, τ, s
(2)
0
)
+ bAGQCD22
(
sˆ, τ, s
(2)
0
)
A =
cos2 θκ
cos2 θκ − sin2 θκ
, B =
sin2 θκ
cos2 θκ − sin2 θκ
(20)
a =
m2q
Λ6
, b =
1
(Λ′)10
(21)
where GH11 and G
H
22 respectively represent K
∗
0 (700) and
K∗0 (1430) contributions, and the factor of m
2
q is combined
with GQCD11 for renormalization-group purposes. Note
that each sum-rule has its own continuum threshold rep-
resented by s
(1)
0 and s
(2)
0 , and the constraint (13) has
been used within the QCD prediction.
The scale factors Λ and Λ′ for the isodoublet K∗0 scalar
meson system can now be calculated. The QCD currents
in (9) are
JQCD =
(
J1
J2
)
, J1 = d¯s (22)
J2 = sin(φ)u
T
αCγµγ5sβ
(
d¯αγ
µγ5Cu¯
T
β − α↔ β
)
+ cos(φ)dTαCγµsβ
(
d¯αγ
µCu¯Tβ + α↔ β
) (23)
where C is the charge conjugation operator and cotφ =
1/
√
2 [25]. Given an input of cos θκ = 0.4161 from chiral
Lagrangians [14] and the physical mass and width of the
K∗0 states (we use mκ = 824 MeV, Γκ = 478 MeV for the
K∗0 (700) and mK = 1425 MeV, ΓK = 270 MeV for the
K∗0 (1430) to be consistent with [1]) one can solve (19)
for the (constant) scale factors Λ and Λ′, and optimize
the continuum thresholds to minimize the sˆ dependence
of the scale factors.
The correlation function for the two-quark current J1
is given in [26, 27] and the methods of [13] can then be
used to form the Gaussian sum-rule:
GQCD11 (sˆ, τ, s0) =
3
8pi2
s0∫
0
t dt
[(
1 +
17
3
αs
pi
)
− 2αs
pi
log
(
t√
τ
)]
W (t, sˆ, τ)
+
pincρ
2
c
m∗sm∗q
s0∫
0
tJ1
(
ρc
√
t
)
Y1
(
ρc
√
t
)
W (t, sˆ, τ) dt
+ exp
(
− sˆ
2
4τ
)[
1
2
√
piτ
〈Cs4Os4〉 −
sˆ
4τ
√
piτ
〈Cs6Os6〉
]
,
(24)
W (t, sˆ, τ) =
1√
4piτ
exp
(
− (t− sˆ)
2
4τ
)
(25)
〈Cs4Os4〉 = 〈msqq〉+
1
2
〈msss〉+ 1
8pi
〈
αsG
2
〉
, (26)
〈Cs6Os6〉 = −
1
2
〈msqσGq〉 − 1
2
〈mqsσGs〉
− 16pi
27
αs
(
〈q¯q〉2 + 〈s¯s〉2
)
− 48
9
αs 〈q¯q〉 〈s¯s〉 ,
(27)
where q denotes the non-strange u, d quarks and vac-
uum saturation has been used for the dimension-six
(four-quark) condensates. Because GQCD11 is being com-
bined with m2q, the combination satisfies a homogenous
renormalization-group equation, which requires evaluat-
ing all running quantities at the renormalization scale
ν2 =
√
τ [13]. Similarly, the Gaussian sum-rule related
to the four-quark current J2 is obtained via
GQCD22 (sˆ, τ, s0) =
s0∫
0
dtW (t, sˆ, τ) ρQCD(t) (28)
where ρQCD(t) is given in [25]. Because this re-
sult is leading-order, renormalization of the current
J2 represents a higher-order effect and the Gaus-
sian sum-rule GQCD22 effectively satisfies a homogenous
renormalization-group equation, allowing application of
the renormalization-group results of Ref. [13]. For the
QCD input parameters we use PDG values [1] (quark
masses, and αs) and the following QCD condensate [11,
28–30] and instanton liquid model parameters [31, 32]
〈αsG2〉 = (0.07± 0.02) GeV4 , (29)
5〈qσGq〉
〈q¯q〉 =
〈sσGs〉
〈s¯s〉 = (0.8± 0.1) GeV
2 (30)
〈q¯q〉 = − (0.24± 0.2 GeV)3 , 〈s¯s〉 = (0.8± 0.1)〈q¯q〉
(31)
nc = 8.0× 10−4 GeV4 , ρ = 1/600 MeV , (32)
m∗q = 170 MeV , m
∗
s = 220 MeV . (33)
The instanton parameters ρ and nc have an estimated
uncertainty of 15% and the quark zero-mode effective
masses m∗ are correlated with the uncertainty in ρ and
the quark condensate [33]. The ms/mq = 27.3 ratio [1] is
of particular importance because it appears in both the
QCD inputs and as a parameter in the chiral Lagrangian
analysis. The effect of the theoretical uncertainty in the
gluon condensate (the dominant QCD condensate effect)
on the a0 scale factors was examined in Ref. [9] and found
to be a small numerical effect. We choose τ = 3 GeV4
consistent with the central value used in Refs. [13, 34].
Fig. 1 shows the sˆ dependence of the scale factors for
the optimized values of the continuum for both the a0
[8, 9] and K∗0 channels. The a0 channel results have
been updated from [8, 9] to use cos θa = 0.6304 con-
sistent with the ms/mq mass ratio used for the K
∗
0 anal-
ysis. The remarkable independence of the scale factors
on the auxiliary sum-rule parameter sˆ demonstrates the
validity of the scale-factor matrices connecting chiral La-
grangians mesonic fields and the quark-level operators in
QCD sum-rules. The small energy (sˆ) dependence of the
scale factors demonstrates that any additional dynamics
needed to connect the chiral Lagrangian and QCD sum-
rule frameworks is small. As is evident from Fig. 1 and
Table I, the best-fit predictions of the scale factors clearly
demonstrate the crucial universality property required by
chiral symmetry.
It is interesting that the scale factors are on the order of
magnitude of ΛQCD, particularly considering the inclu-
sion of the quark mass factor in (8). Although we cannot
make a direct connection between the scale factors and
ΛQCD, (5) connects mesonic fields with QCD operators
and has an implicit connection to the approximate ΛQCD
scale of hadronization.
IV. DISCUSSION
In addition to providing a bridge between chiral La-
grangians and QCD sum-rules, the scale factors can
also be related to the chiral Lagrangian vacuum expec-
tations values via 〈S11〉 = −mq〈u¯u〉/Λ3 and 〈S′11〉 ≈
1.31〈d¯d〉〈s¯s〉/Λ′ 5 (note that vacuum saturation effects
are embedded in the 1.31 numerical factor). The relation
〈S′11〉 is approximate because it depends on the renor-
malization scale and relies upon the vacuum saturation
approximation. As discussed in [8, 9], the resulting agree-
ment is excellent for 〈S11〉 and provides the approximate
scale for 〈S′11〉.
In summary, it has been shown that chiral symmetry
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s (GeV2)
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FIG. 1. The scale factors Λ (lower pair of curves) and Λ′ (up-
per pair of curves) are shown as a function of sˆ for optimized
continuum thresholds in Table I. Solid curves are for the K∗0
channel and dashed curves are for the a0 channel.
Channel s
(1)
0 s
(2)
0 Λ Λ
′
K∗0 1.61 3.04 0.114 0.276
a0 1.68 2.88 0.106 0.282
TABLE I. Values for the optimized scale factors Λ, Λ′ and
continuum thresholds s
(1)
0 , s
(2)
0 for the a0 and K
∗
0 channels.
All quantities are in appropriate powers of GeV.
transformation properties require that the scale factor
matrices serving as a bridge connecting QCD sum-rules
and chiral Lagrangians must contain universal scale fac-
tors for all sectors of the chiral nonets. The scale factors
determined in this work for the K∗0 system are in remark-
able agreement with the corresponding values previously
found in the a0 channel [8, 9] (see Table I), providing a
key demonstration of the universality property. With ev-
idence for universal scale factors now established, more
complicated sectors of the scalar nonets can therefore be
simplified by taking input of the universal scale factors
from other channels in the nonet. This powerful synergy
between chiral Lagrangians and QCD will enable future
progress on more challenging and controversial aspects
of low-energy hadronic physics. It is also interesting to
study application of Eq. (5) in higher spin systems such
as in vector and axial-vector meson sectors [35–37] and
examine whether quark currents for vectors and axials
scale with the same scale factors of Eq. (5) and give rise
to the vectors and axials mesonic fields.
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